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Abstract - - -The classical Pinney equation is discretised insuch a way that its well-known onlinear 
superposition principle is preserved. Thus, the general solution of the discrete Pinney equation is 
given in terms of two linearly independent solutions of a discrete SchrSdinger quation. 
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1. INTRODUCTION 
The classical Pinney equation [1] may be regarded as the simplest specialisation of a pair of 
coupled second-order ordinary differential equations now known as Ermakov systems. Since 
their introduction in 1880 [2], Ermakov systems have been the subject of an extensive literature 
with regard to both mathematical nalysis and applications, in particular, in nonlinear optics 
and nonlinear elasticity (see, e.g., [3] for references). However, it was shown only recently that 
Ermakov systems are, in fact, linearizable [4]. Subsequently, this result has been exploited to 
construct natural multicomponent Ermakov systems [5] and Ermakov systems of arbitrary order 
and dimension [3] which are amenable to the same linearization procedure. In view of the 
recent resurgence of interest in nonlinear (integrable) discrete quations, it is natural to seek a 
discretisation of Ermakov systems which preserves their nonlinear superposition properties. We 
embark on this study with the Pinney equation and show how such a discretisation procedure 
may be found. 
2. THE CLASSICAL P INNEY EQUATION 
The classical Ermakov system, as extended by Ray and Reid [6] adopts the form 
ii + w(t)u = f (v /u)  i) + w(t)v = g(u/v) (1) 
u3 , v3 
where f ,  g, and w are arbitrary functions of their indicated arguments, and the overdot denotes 
the derivative d .  Its general solution is given by [3,5] 
u -- a(z)¢, v = b(z)¢, z -- -- ¢ (2) ¢' 
where ¢ and ¢ are linearly independent solutions with unit Wronskian ¢¢ -¢¢  of the base 
equation 
+ w(t)¢ = 0, (3) 
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and (a, b) is the general solution of 
a"= f(b/a) b"= g(a/b) 
a3 , bS (4) 
Hence, if a and b are known, the relations (2) may be interpreted as a nonlinear superposition 
principle of solutions of the SchrSdinger quation (3) for the Ermakov system (1). It is emphasized 
that the 'autonomous' Ermakov system (4) may be linearized by means of a reciprocal change of 
dependent and independent variables [3]. 
The simplest example of a Ermakov system is obtained by choosing f = a and g = 0. Thus, 
the system for u and v decouples and the equation for u reads 
ff 
+ •(t)u = u~. (5) 
In this case, the autonomous Ermakov system may readily be solved and the superposition 
principle becomes 
u = v/a¢ 2 + 2~¢¢ + 7¢ 2, (6) 
where the constants of integration c~, ~, and 7 are constrained by 
~7 - Z ~ = o. (7) 
This is the well-known superposition formula for the classical Pinney equation (5) which may be 
formulated as follows. For any two solutions ¢ and ¢ with unit Wronskian of the SchrSdinger 
equation (3), the general solution of the Pinney equation (5) is given by (6). 
There exists an alternative but equivalent way of solving Pinney's equation. Thus, on elimi- 
nating the constant a in Pinney's equation via differentiation with respect o t, one obtains the 
third-order self-adjoint equation 
"b" + 4w~ + 205v = O, v = u 2. (8) 
Consequently, it is possible to relate a to the three constants of integration i  v in such a way 
that the Pinney equation is satisfied. This is in agreement with the fact that the general solution 
of (8) is given by 
v = a¢  2 + ~¢¢ + ~¢2,  (9) 
where ¢ and ¢ are linearly independent solutions of the SchrSdinger equation (3) and 6,/~, ~ are 
arbitrary constants. 
3. THE D ISCRETE P INNEY EQUATION 
There are several ways of discretising differential equations, depending on the properties one 
wishes to be preserved. Here, the nonlinear superposition principle (6) is looked upon as the 
fundamental feature of the Pinney equation. Thus, the aim of the following is to derive a discrete 
version of Pinney's equation whose general solution is given by 
Un -- ~¢/a¢2 n + 213¢nCn + 7¢n 2, (10) 
where a, 1~, 7 are (constrained) constants and Cn, Cn are solutions of an as yet unknown discretised 
SchrSdinger equation. The natural candidate for the latter is 
~)n+2 -l-02n(~n+l + Cn = O, (11) 
so that, with another solution Cn, the corresponding Wronskian takes the form 
Wn = Cn ~Jn+ l -- ~)n+ l ~Jn = const. (12) 
In the sequel, the Wronskian is assumed to be unity. 
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Now, it is straightforward to show that elimination of the eigenfunctions ¢n+2, ¢n+1, Ca and 
¢n+2, Cn+t, Cn from the expressions for un+2, un+t ,  and un by means of the SchrSdinger equa- 
tion (11) and the unit Wronskian condition (12) leads to 
4~w2 
Un+2 -~- ~gnUn+l  "~ Un - -  +_ _+ __  
U n U n U n 
(13) 
where +-  -+ 
?J'n ~ Un-k2  "~- ¢dnUn+l  - -  Un '  U n ~ Un+2 -- OJnUn+l  "~- Un ,  
(14) 
~'n-  "~ Un+2 - -  O JnUn+l  - -  Un ,  I~ = ~2 _ Ol~/" 
Hence, this is the only discrete quation of second order which admits the superposition princi- 
ple (10). 
Equation (13) is, by construction, a discrete version of the Pinney equation (5) since, by virtue 
of the Taylor expansions 
= ¢ + + ½(k )2  + = ~ 2 e2w(t), + (15) 
the discrete SchrSdinger equation (11) becomes the continuous one (3) in the limit e --~ 0. Indeed, 
in this limit, the discrete quation (13) reduces to Pinney's equation with ~ = -e2a. 
It is interesting to note that the alternative form of (13), 
2 (16) (Vn+2 --  CO2Vn+l  "~ Vn)  2 = 4(  ]~02 -1- Vn+2Vn) ,  Yn  : Un ,  
gives rise to the linear equation 
w,~v,~+3 + (1 - Wn+lOJn)(Wn+lVn+2 -- WnVn+l) -- COn+lVn = 0 (17) 
via elimination of a. Thus, as in the continuous case, the discrete Pinney equation may be 
regarded as a first integral of the third-order equation (17), and the general solution of the latter 
is given by 
- = + ~¢~, (18) 
where 4, f~, and ~ are arbitrary constants. 
To summarize, the construction of the discrete Pinney equation has been uniquely determined 
by the postulated existence of a specific nonlinear superposition principle. Since for any particular 
pair of functions f and g, the Ermakov system admits a nonlinear superposition principle, the 
approach presented here may be adopted to discretise other members of the Ermakov system. 
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